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Abstract

The dimensionless velocity component method was successfully applied in a depth investigation of laminar free film condensation
from a vapor–gas mixture, and the complete similarity transformation of its system of governing partial differential equations was con-
ducted. The set of dimensionless variables of the transformed mathematical model greatly facilitates the analysis and calculation of the
velocity, temperature and concentration fields, and heat and mass transfer of the film condensation from the vapor–gas mixture. Mean-
while, three difficult points of analysis related to the reliable analysis and calculation of heat and mass transfer for the film condensation
from the vapor–gas mixture were overcome. They include: (i) correct determination of the interfacial vapor condensate saturated tem-
perature; (ii) reliable treatment of the concentration-dependent densities of vapor–gas mixture, and (iii) rigorously satisfying the whole
set of physical matching conditions at the liquid–vapor interface. Furthermore, the critical bulk vapor mass fraction for condensation
was proposed, and evaluated for the film condensation from the water vapor–air mixture, and the useful methods in treatment of tem-
perature-dependent physical properties of liquids and gases were applied. With these elements in place, the reliable results on analysis and
calculation of heat and mass transfer of the film condensation from the vapor–gas mixture were achieved.

The laminar free film condensation of water vapor in the presence of air was taken as an example for the numerical calculation. It was
confirmed that the presence of the non-condensable gas is a decisive factor in decreasing the heat and mass transfer of the film conden-
sation. It was demonstrated that an increase of the bulk gas mass fraction has the following impacts: an expedited decline in the inter-
facial vapor condensate saturation temperature; an expedited decrease in the condensate liquid film thickness, the condensate liquid
velocity, and the condensate heat and mass transfer. It was found that an increase of the wall temperature will increase the negative effect
of the non-condensable gas on heat and mass transfer of the film condensation from the vapor–gas mixture.
� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Vapor film condensation plays an important role in
many industrial applications, especially, the chemical and
power industries, including nuclear power plants. To date,
numerous efforts have investigated its physical phenomena;
some detailed reviews of condensation heat and mass trans-
fer can be found in Refs. [1–5]. Meanwhile, film condensa-
tion from vapor in presence of non-condensable gas is even
practical area in the design of heat exchangers. In its inves-
tigation, Minkowycz and Sparrow [6] presented their inves-
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tigation of laminar free film condensation of steam in the
presence of non-condensable gas. Numerous theoretical
and experimental studies have followed, and only some
of them, such as in Refs. [7–20] are listed here due to the
space limitation. These studies demonstrated that the bulk
concentration of the non-condensable gas could have a
great reduction in heat transfer. This is due to the fact that
the presence of non-condensable gas lowers the partial
pressure of the vapor, and then reduces the interfacial
vapor condensate saturation temperature.

However, based on the authors’ research, there remain
three difficult points that need to be addressed to ensure
correct analysis and calculation of heat and mass transfer
of the film condensation from the vapor–gas mixture.
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Nomenclature

Cm,g gas mass fraction
C�m;g1 critical bulk gas mass fraction with ts � tw = 0
Cm,v vapor mass fraction
cp specific heat, J/(kg �C)
Dv vapor mass diffusion coefficient in gas, m2/s
g gravitation acceleration, m/s2

gx local mass flow rate entering the liquid film at
position x related to per unit area of the plate,
kg/m2 s

Gx total mass flow rate entering the liquid film for
position x = 0 to x with width b of the plate,
kg/s

Grxl,s local Grashof number of condensate liquid film
Grxv,1 local Grashof number of vapor–gas mixture film
Nuxl,w local Nusselt number
nk,g thermal conductivity parameter of gas
nk,m thermal conductivity parameter of vapor
nl,g viscosity parameter of gas
nl,m viscosity parameter of vapor
Pr Prandtl number
qx local heat transfer rate at position x per unit

area on the plate, W/m2

Qx total heat transfer rate for x = 0 to x with width
of b on the plate, W

Scm,1 local Schmidt number
t temperature, �C
T absolute temperature, K
Tw wall temperature, K
Ts vapor saturated temperature at the liquid–vapor

interface, K
T1 bulk temperature, K
wxl, wyl condensate liquid velocity components in x- and

y-coordinates, respectively, m/s
wxv, wyv vapor–gas mixture velocity components in x

and y-coordinates, respectively, m/s
Wxl, Wxl, dimensionless condensate liquid velocity

components in x- and y-coordinates, respec-
tively

Wxv, Wyv dimensionless vapor–gas mixture velocity
components in x- and y-coordinates, respec-
tively

Greek symbols

dc concentration boundary layer thickness of va-
por–gas mixture, m

dl condensate liquid film thickness, m
dv momentum boundary layer thickness of vapor–

gas mixture, m
gl dimensionless co-ordinate variable of conden-

sate liquid film
gv dimensionless co-ordinate variable of vapor–gas

mixture film
qg gas density, kg/m3

qv vapor density, kg/m3

qm,g local density of gas in vapor–gas mixture
qm,v local density of vapor in vapor–gas mixture
qm density of vapor–gas mixture
l absolute viscosity, kg/m s
k thermal conductivity, W/(m K)
m kinetic viscosity, m2/s
hl dimensionless temperature of condensate liquid

film
hv dimensionless temperature of vapor–gas mixture

film
Cm,v vapor relative mass fraction
ax local heat transfer coefficient, W/(m2 K)
Us condensate mass flow rate parameter

Subscripts

c concentration
g gas
l liquid
m vapor–gas mixture
s saturated state or state at liquid–vapor interface
v vapor
1 in the bulk
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These points include, (i) correct determination of the inter-
facial vapor saturated temperature, (ii) rigorous treatment
of the concentration-dependent densities of vapor–gas mix-
ture, and (iii) rigorously satisfying the whole set of physical
matching conditions at the liquid–vapor interface. The pur-
pose of this study is to develop a complete system of math-
ematical models for overcoming these areas of uncertainty.

2. Governing equations

2.1. Governing partial differential equations

The analytical model and coordinate system used for
laminar free film condensation of vapor with non-condens-
able gas on an isothermal vertical flat plate is shown in
Fig. 1. An isothermal vertical flat plate is suspended in a
large volume of quiescent vapor–gas mixture at atmo-
spheric pressure. The plate temperature is Tw, the temper-
ature of the vapor–gas mixture bulk is T1, and the vapor
condensate saturated temperature dependent on its partial
pressure is Ts. If given condition for the model is Tw < Ts, a
steady film condensation will occur on the plate. We
assume that the laminar flow within the liquid film is
induced by gravity, and the vapor–gas mixture film flow
is caused by the shear force at the liquid–vapor interface.
We further assume that the mass flow rate of vapor is bal-
anced to the vapor mass diffusion at the liquid–vapor inter-
face in the steady state of the laminar free film
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Fig. 1. Physical model and coordinate system of the film condensation
from vapor–gas mixture.
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condensation. Under these conditions, there is never an
additional gas boundary layer near the interface except
the induced concentration boundary layer of the vapor–
gas mixture. In addition, we take into account the temper-
ature-dependent physical properties of the condensate
liquid film, and the temperature- and concentration-depen-
dent physical properties of the induced vapor–gas mixture
film. Then, the steady laminar governing partial differential
equations for mass, momentum, energy and concentration
conservations in the two-phase boundary layer are as
follows:

The governing partial differential equations for conden-
sate liquid film are

o

ox
ðqlwxlÞ þ

o

@y
ðqlwylÞ ¼ 0 ð1Þ

ql wxl

owxl

ox
þ wyl

owxl

oy

� �
¼ o

oy
ll

owxl

oy

� �
þ gðql � qm;1Þ ð2Þ

qlcpl wxl

oT l

ox
þ wyl

oT l

oy

� �
¼ o

oy
kl

oT l

oy

� �
ð3Þ

where Eqs. (1)–(3) are continuity, momentum and energy
conservation equations, respectively.

The governing partial differential equations for vapor–
gas mixture film are

o

ox
ðqmwxvÞ þ

o

oy
ðqmwyvÞ ¼ 0 ð4Þ

qm wxv

owxv

ox
þ wyv

owxv

oy

� �
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oy
lm

owxv
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� �
þ gðqm � qm;1Þ ð5Þ

qmcpm
wxv

oT v
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ð6Þ

oðwxvqmCm;vÞ
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þ oðwyvqmCm;vÞ
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¼ o
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Dvqm

oCm;v

oy

� �
ð7Þ
where Eqs. (4)–(6) are continuity, momentum, and energy
conservation equations. Eq. (7) is the species conservation
equation with mass diffusion. Here, Cm,v is vapor mass
fraction, qm, lm, km and Cpm are density, absolute viscos-
ity, thermal conductivity and specific heat of the vapor–
gas mixture, respectively, and Dv denotes the vapor mass
diffusion coefficient in the non-condensable gas.

The boundary conditions are

y ¼ 0 : wxl ¼ 0; wyl ¼ 0; T l ¼ T w ð8Þ
y ¼ dl :

wxl;s ¼ wxv;s ð9Þ

ql;s wxl

odl

ox
� wyl

� �
l;s

¼ qm;sCm;vs wxv

odv

ox
� wyv

� �
v;s

¼ gx

ð10Þ

ll;s

owxl

oy

� �
s

¼ lm;s

owxv

oy

� �
s

ð11Þ

kl;s

oT l

oy

� �
y¼dl

¼ km;s
oT v

oy

� �
y¼dl

þ hfgqm;sCm;vs wxv
odv

ox
� wyv

� �
s

ð12Þ

T ¼ T s ð13Þ
Cm;v ¼ Cm;vs ð14Þ

qm;sCm;vs wxv

od
ox
� wyv

� �
v;s

¼ Dvqm;s

oCm;v

oy

� �
s

ð15Þ

y !1 :

wxv ! 0; T v ¼ T1; Cm;v ¼ Cm;v1 ð16Þ

where Eq. (8) expresses the physical conditions on the
plate. Eqs. (9)–(15) express the physical matching condi-
tions at the liquid–vapor interface. Eq. (9) expresses the
velocity component continuity, Eq. (10) expresses the mass
flow rate continuity, Eq. (11) expresses the balance of the
shear force, Eq. (12) expresses the energy balance, Eq.
(13) expresses the temperature continuity, Eq. (14) ex-
presses the related concentration condition, and Eq. (15)
expresses the vapor mass flow rate is balanced to the mass
flow rate caused by the vapor mass diffusion, Eq. (16) ex-
presses the physical conditions in the vapor–gas mixture
bulk. In addition, Cm,vs and Cm,v1 denote the vapor mass
fraction at the interface and bulk, respectively.

It is necessary to explain Eq. (15) for the condition of
interfacial mass diffusion balance. Originally, it should be

ql wx
@dl

@x
� wy

� �� �
l:s

¼ qm;sCm;v wx
@d
@x
� wy
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v;s

� qm;sDv
@Cm;v

@y

� �
ð15 orig:Þ

In order to conveniently transform the balance condition
equation to the dimensionless form, we take Eq. (15) to ex-
press the interfacial mass diffusion balance condition. This
form of expression has never caused any change of the cal-
culation results.
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2.2. Similarity transformation

Applying the dimensionless velocity component method
[5], we assume the following dimensionless variables for
similarity transformation of the governing partial differen-
tial equations of the laminar free film condensation from
the vapor–gas mixture.

For liquid film, the dimensionless variables are assumes
as

gl ¼
1

4
Grxl;s

� �1=4 y
x

ð17Þ

Grxl;s ¼
gðql;w � qm;1Þx3

m2
l;sql;s

ð18Þ

hl ¼
T � T s

T w � T s

ð19Þ

W xl ¼ 2
ffiffiffiffiffi
gx
p ql;w � qm;1

ql;s

� �1=2
 !�1

wxl ð20Þ

W yl ¼ 2
ffiffiffiffiffi
gx
p ql;w � qm;1

ql;s

� �1=2
1

4
Grxl;s

� ��4
 !�1

wyl ð21Þ
where gl is the dimensionless coordinate variable, Grxl,s is
the local Grashof number, hl is the dimensionless tempera-
ture, and Wxl and Wyl are the dimensionless velocity com-
ponents in x- and y-coordinates of the condensate liquid
film, respectively. Here, ql,w is the condensate liquid density
on the wall, ml,s and ql,s are condensate liquid kinetic viscos-
ity and density at the liquid–vapor interface, while, qm,1 is
density of vapor–gas mixture bulk.

For vapor–gas mixture film, the dimensionless variables
are assumes as

gv¼
1

4
Grxv;1

� �1=4 y
x

ð22Þ

Grxv;1¼
gðqm;s=qm;1�1Þx3

m2
m;1

ð23Þ

hv¼
T �T1
T s�T1

ð24Þ

W xv¼ 2
ffiffiffiffiffi
gx
p ðqm;s=qm;1�1Þ1=2

� ��1

wxv ð25Þ

W yv¼ 2
ffiffiffiffiffi
gx
p ðqm;s=qm;1�1Þ1=2 1

4
Grxv;1

� ��1=4
 !�1

wyv ð26Þ

Cm;v¼
Cm;v�Cm;v1

Cm;vs�Cm;v1
ð27Þ

where gv is the dimensionless coordinate variables, Grxv,1 is
the local Grashof number, hv is the dimensionless tempera-
ture, Wxv and Wyv are the dimensionless velocity compo-
nents in x- and y-coordinates, and Cm,v is the vapor
relative mass fraction of the vapor–gas mixture film,
respectively. Here, qm,s is interfacial density of vapor–gas
mixture.
2.3. Governing ordinary differential equations

For liquid film

With the assumed transformation variables for the
liquid film shown in Eqs. (17)–(21), the governing partial
differential Eqs. (1)–(3) of the liquid film are equivalently
transformed to the following dimensionless ordinary ones,
respectively:
2W xl � gl

dW xl

dgl

þ 4
dW yl

dgl

� 1

ql

dql

dgl

½glW xl � 4W yl� ¼ 0 ð28Þ
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W xl 2W xl � gl
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dgl

� �
þ 4W yl
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dgl

� �

¼ d2W xl

dg2
l

þ 1
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dll

dgl
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dgl

þ
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ql;w � qm;1
ð29Þ

ml;s

ml

ð�glW xl þ 4W ylÞ
dhl

dgl

¼ 1

Prl

d2hl

dg2
l

þ 1

kl

dkl

dgl

dhl

dgl

� �
ð30Þ
For vapor–gas mixture film

With the assumed similarity transformation variables
for vapor–gas mixture film shown in Eqs. (22)–(27), the
governing partial differential Eqs. (4)–(7) are transformed
equivalently to the following dimensionless ones,
respectively:

2W xv�gv

dW xv

dg
þ4

dW yv

dgv

� 1
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dqm

dgv
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d2hv
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v
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dhv
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ðCm;vs�Cm;v1Þ
cpv
�cpg
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dgv

dhv
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ð�gvW xvþ4W yvÞ
dCm;v

dgv
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Scm;1

d2Cm;v

dg2
v

þ 1

qm

dqm

dgv

dCm;v
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ð34Þ

where Scm;1 ¼ mm;1
Dv

is local Schmidt number, and Prm is
Prandtl number of vapor–gas mixture.
For boundary conditions

With the corresponding transformation variables, the
physical boundary conditions, Eqs. (8)–(16) are trans-
formed equivalently to the following ones, respectively:



gl ¼ 0 : W xl ¼ 0; W yl ¼ 0; hl ¼ 1 ð35Þ
gl ¼ gldðgv ¼ 0Þ :

W xv;s ¼
ql;w � qm;1

ql;s

� �1=2

ðqv;ms=qm;1 � 1Þ�1=2W xl;s ð36Þ

W yv;s ¼ �
1

4Cm;vs

ql;s

qm;s

ml;s

mm;1

� �1=2 ql;w � qm;1

ql;s

� �1=4

ðqm;s=qm;1 � 1Þ�1=4ðgldW xl;s � 4W yl;sÞ ð37Þ

dW xv

dgv

� �
s

¼
ll;s

lm;s

mm;1

ml;s

� �1=2 ql;w � qm;1

ql;s

� �3=4

ðqm;s=qm;1 � 1Þ�3=4 dW xl

dgl

� �
s

ð38Þ

dhv

dgv

� �
s

¼
kl;sðtw � tsÞ dhl

dgl

� �
s

mm;1
ml;s

� �1=2 ql;w�qm;1
ql;s

� �1=4

ðqm;s=qm;1 � 1Þ�1=4 � hfgCm;vsqm;smm;1ðW xv;sgvd � 4W yv;sÞ
km;sðT s � T1Þ

ð39Þ

hl ¼ 0; hv ¼ 1; ð40Þ
Cm;vs ¼ 1 ð41Þ

dCm;v

dgv

� �
s

¼ �4Scm;1
Cm;vs

ðCm;vs � Cm;v1Þ
W yv;s ð42Þ

gv !1 : W xv ! 0; hv ! 0; Cm;v1 ¼ 0 ð43Þ
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The above transformation procedures are omitted here to
save space.

The transformed governing Eqs. (28)–(34) are com-
pletely dimensionless because of the followings: (i) Eqs.
(28)–(34) involve dimensionless velocity components Wxl,
Wyl,Wxv and Wyv, dimensionless temperatures hl and hv,
and dimensionless relative concentration Cm,v, as well as
their dimensionless derivatives. These dimensionless vari-
ables constitute whole unknown variables of the governing
equations; (ii) All physical properties in Eqs. (28)–(34) exist
in form of the dimensionless physical property factors,

such as 1
ql

dql

dgl
, 1

qm

dqm

dgv
, 1

ll

dll

dgl
, 1

lm

dlm

dgv
, 1

kl

dkl

dgl
, 1

km

dkm

dgv
,

ml;s

ml
, mm;1

mm
,

ll;s

ll
,

lm;1
lm

, T1�273
T s�T1

,
ql�qm;1

ql;w�qm;1
,

qm�qm;1
qm;s�qm;1

, etc.; (iii) Eqs. (28)–(34) involve

Prandtl numbers Prl and Prm, as well as the local Shcidt
number Scm,1. In fact, both Prandtl number and Schnidt
number are also dimensionless physical property factors.

Here, it is useful to present the mathematical models for
the related condensation on the inclined surface. As pre-
sented in Shang [5], 2006, Chapters 9 and 15, for free film
flows on an inclined surface, the only actions that need to
be taken involve replacing the gravitation acceleration g
in the governing partial differential equations together with
the equations for assumed dimensionless variables, Eqs.
(2), (5), (18), (20), (21), (23), (25) and (26) by gcosa. Then,
all transformed dimensionless Eqs. (28)–(43) of the film
condensation for the vertical case are completely suitable
to those for the inclined case.

3. Treatment of variable physical properties

As illustrated in Shang [5], fluid variable physical prop-
erties have significant impacts on free film flows and heat
transfer. As a result, they need to be appropriately treated
to ensure accurate and reliable solution of the governing
equations. For the film condensation from pure vapor,
temperature-dependent physical properties should be trea-
ted, while for the film condensation from the vapor–gas
mixture, besides the above treatments, the additional con-
centration-dependent physical properties of vapor–gas
mixture should be dealt with also.
3.1. Treatment of temperature-dependent physical properties

of liquid film

For treatment of the temperature-dependent physical
properties of liquid film, the polynomial approach reported
in [5] is used, and the related treatment equations are omit-
ted here to save space.
3.2. Treatment of concentration-dependent physical

properties of vapor–gas mixture film

For density

Suitable treatment of the concentration-dependent den-
sities of vapor–gas mixture film is important for correct
determination of the interfacial mass fraction, and then,
is a prerequisite for the correct prediction of the interfa-
cial vapor condensate saturation temperature. In the
research undertaken to date, there has been an absence
of rigorous treatment of the concentration-dependent den-
sities for the study on the film condensation from the
vapor–gas mixture. In order to address this gap, the
authors have derived the following equations for the rig-
orous expression of the concentration-dependent densities
in the vapor–gas mixture:
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qm;v ¼
Cm;vqvqg

ð1� Cm;vÞqv þ Cm;vqg

ð44Þ

qm;g ¼
ð1� Cm;vÞqvqg

Cm;vqg þ ð1� Cm;vÞqv

ð45Þ

qm � qm;v þ qm;g ¼
qvqg

ð1� Cm;vÞqv þ Cm;vqg

ð46Þ

where Cm,v = (Cm,vs � Cm,v1)Cm,v + Cm,v1
Here, qm,v and qm,g are vapor and gas local densities in

vapor–gas mixture respectively, which depend on the vapor
mass fraction Cm,v, while, qv and qg denote the vapor and
gas densities, respectively. The derivation processes for
Eqs. (44)–(46) are omitted here to save space.

With Eqs. (44), (22), (23) and (27), the expression of the

density factor 1
qm

dqm

dgv
in Eqs. (31), (33) and (34) for the

vapor–gas mixture film is derived and shown as

1

qm

dqm

dgv

¼
1
qg

dqg

dgv
þ 1

qv

dqv

dgv

ð1� Cm;vÞ qm

qg
þ Cm;v

qm

qv

�
qvqg

ðð1� Cm;vÞqv þ Cm;vqgÞ
2

� ð1� Cm;vÞ
1

qv

dqv

dgv

qv

qm

�

�
qv � qg

qm

ðCv;ws � Cv;w1Þ
dCm;v

dgv

þ Cm;v

1

qg

dqg

dgv

qg

qm

#

ð47Þ

where Cm,v = (Cm,vs � Cm,v1)Cm,v + Cm,v1.

For other physical properties

For the expressions of other concentration-dependent
physical properties of vapor–gas mixture, such as absolute
viscosity, thermal conductivity, specific heat and Prandtl
number, there has not been an appropriate treatment
method developed due to the absence of experimental data.
Here, we use the following weighted-sums to approxi-
mately describe them respectively:

lm ¼ Cm;vlv þ ð1� Cm;vÞlg ð48Þ
km ¼ Cm;vkv þ ð1� Cm;vÞkg ð49Þ
cpm
¼ Cm;vcpv

þ ð1� Cm;vÞcpg
ð50Þ

Prm ¼ Cm;vPrv þ ð1� Cm;vÞPrg ð51Þ

where Cm,v = (Cm,vs � Cm,v1)Cm,v + Cm,v1
Here, lv, kv, cpv

and Prv denote the absolute viscosity,
thermal conductivity, specific heat, and Prandtl number
of vapor, while, lg, kg, cpg

and Prg denote those physical
properties of gas, respectively.

Similar to the derivation for Eq. (47),expressions of the

viscosity factor 1
lm

dlm

dgv
in Eq. (32) and the thermal conduc-

tivity factor 1
km

dkm

dgv
in Eq. (33) for the vapor–gas mixture

film are obtained, and shown as follows respectively:
1

lm

dlm

dgv

¼ Cm;v

1

lv

dlv

dgv

� lv

lm

þ ð1� Cm;vÞ
1

lg

dlg

dgv

�
lg

lm

þ ðCm;vs � Cm;v1Þ
lv � lg

lm

dCm;v

dgv

ð52Þ
1

km

dkm

dgv

¼ Cm;v

1

kv

dkv

dgv

� kv

km

þ ð1� Cm;vÞ
1

kg

dkg

dgv

� kg

km

þ ðCm;vs � Cm;v1Þ
kv � kg

km

dCm;v

dgv

ð53Þ

where Cm,v = (Cm,vs � Cm,v1)Cm,v + Cm,v1

3.3. Treatment of temperature-dependent physical properties

of vapor–gas mixture

For treatment of the related temperature-dependent
physical properties in Eqs. (47), (52) and (53), the temper-
ature parameter method [5] is applied, and the related
vapor and gas physical property factors are expressed as
follows, respectively:

For density factors

1

qv

dqv

dgv

¼ �ðT s=T1 � 1Þdhv=dgv

ðT s=T1 � 1Þhv þ 1
ð54Þ

1

qg

dqg

dgv

¼ �ðT s=T1 � 1Þdhv=dgv

ðT s=T1 � 1Þhv þ 1
ð55Þ

For absolute viscosity factors

1

lv

dlv

dgv

¼ nl;vðT s=T1 � 1Þdhv=dgv

ðT s=T1 � 1Þhv þ 1
ð56Þ

1

lg

dlg

dgv

¼ nl;gðT s=T1 � 1Þdhv=dgv

ðT s=T1 � 1Þhv þ 1
ð57Þ

For thermal conductivity factors

1

kv

dkv

dgv

¼ nk;vðT s=T1 � 1Þdhv=dgv

ðT s=T1 � 1Þhv þ 1
ð58Þ

1

kg

dkg

dgv

¼ nk;gðT s=T1 � 1Þdhv=dgv

ðT s=T1 � 1Þhv þ 1
ð59Þ

Here, nl,v and nl,g are viscosity parameters of vapor and
gas respectively, while, nk,v and nk,g are thermal conductiv-
ity parameters of vapor and gas respectively.

4. Numerical solutions

4.1. Calculation procedure

Satisfying the whole set of the interfacial matching con-
ditions of the governing equations for the film condensation
from the vapor–gas mixture is more difficult than that from
the pure vapor. For overcoming this difficult point, on the
basis of our previous studies [21,22] for numerical calcula-
tion of the film condensation from pure vapor, we present
the following procedural steps of numerical calculations
on the film condensation from the vapor–gas mixture:

Step 1: Calculation for liquid film
First, the solution of Eqs. (28)–(30) for liquid film are

assumed to be without shear force at the liquid–vapor
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interface. For this case, the boundary condition (38) is
changed into Eq. (60) at the

dW xl

dgl

� �
gl¼gl;d

¼ 0 ð60Þ

beginning of the calculation, and the initial values of the
condensate liquid film thickness gld and condensate liquid
velocity component Wxl,s are assumed. Eqs. (35), (40)
and (60) are taken as the boundary conditions of the liquid
film, and Eqs. (28)–(30) are solved by a shooting method
with fifth-order Runge-Kutta integration.
0 0.2 0.4 0.6 0.8
vsmC ,

1

Fig. 2. Water vapor condensate saturated temperature Ts with the
corresponding interfacial vapor mass fraction Cm,vs (Line 1: predicted
value with Eq. (61); Line 2: experimental value from [23]).
Step 2: Calculation for vapor–gas mixture film

First, with the numerical solutions, Wxl,s and Wyl,s cal-
culated from the first step, the boundary values Wxv,s and
Wyv,s are evaluated by Eqs. (36) and (37), respectively.
Then, with the boundary conditions (40), (41) and (43)
and the above values of Wxv,s and Wyv,s, Eqs. (31)–(34)
for vapor–gas mixture film are calculated by using the
shooting method with seventh-order Runge-Kutta
integration.
Step 3: Judgment on the convergence of the numerical

calculation
Eqs. (38), (39) and (42) are taken as judgment equations

for verification of the convergence of the solutions. By
means of these judgment equations, the calculation is iter-
ated with appropriate change for the values Wxl,s and gld.
In each iteration, step 1 for calculations of Eqs. (28)–(30)
for liquid film, and step 2 for calculation of Eqs. (31)–
(34) for vapor–gas mixture film are done successively.
For solving the very strong nonlinear problem, a variable
mesh approach is applied to the numerical calculation
programs.
4.2. Determination of interfacial vapor condensate saturation
temperature

Accurate determination of the interfacial vapor conden-
sate saturated temperature is a prerequisite for reliable pre-
diction of the film condensation of vapor in presence of no-
condensable gas. However, the interfacial vapor saturated
temperature depends on the interfacial vapor partial pres-
sure, and, ultimately, on the interfacial vapor mass fraction
Cm,vs. Furthermore, the value of Cm,vs for the film conden-
sation from the vapor–gas mixture is an unknown variable
before the calculation. To date, there has been lack of rig-
orous analysis on this area. This study addresses this gap.

Let us take the water vapor–air mixture as an example
for this investigation. We recommend the following equa-
tion for expression of the water vapor condensate saturated
temperature Ts with its interfacial vapor mass fraction
Cm,vs:

T s ¼ 373 � C0:063
m;vs ð61Þ
The values of Ts are obtained from Eq. (61) and plotted
in Fig. 2 with the related interfacial gas mass fraction Cm,vs.
Compared with the typical experimental data [23], the max-
imum deviation predicted by Eq. (61) is less than 1.1% for
saturated water vapor.

From the governing ordinary Eqs. (28)–(34) and their
boundary conditions, Eqs. (35)–(43), it will be expected
that the interfacial vapor mass fraction Cm,vs and the inter-
facial vapor condensate saturated temperature Ts, together
with the velocity, temperature and concentration fields, and
heat and mass transfer are solutions of the system of the
mathematical model. These, in turn, are dependent on
the given wall temperatures Tw, bulk temperature T1,
and the bulk concentration condition, Cm,v1 (or Cm,g1)
for the film condensation from the vapor–gas mixture.
4.3. Numerical solutions

In this present work, the laminar free film condensation
of water vapor in presence of air is taken as an example for
the numerical calculation. The bulk vapor–gas mixture
temperature is set as T1 = 373 K. According to Shang[5],
Chapter 4, we take the viscosity parameter and thermal
conductivity parameter as nl,v = 1.04 and nk,v = 1.185,
respectively for water vapor; and nl,g = 0.68 and
nk,g = 0.81 respectively, for air. The other related physical
values for water vapor and air are also taken from [5],
but omitted here to save space.

For laminar free film condensation of water vapor in
presence of air, a system of numerical calculations have
been successfully carried out for different wall temperatures
Tw and bulk water vapor mass fraction Cm,v1 at
T1 = 373 K. It is interesting to note that the calculated
results show that the interfacial water vapor mass fraction
Cv,ws is exactly half of the bulk water vapor mass fraction
Cv,w1, and only depends on Cv,w1 for the film condensa-
tion from the water vapor–air mixture. The system of cal-
culated results for velocity and temperature profiles of
condensate water film and velocity profiles of water
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vapor–air mixture film are obtained and plotted in Figs. 3–
5 respectively. From these Figures, it is easy to find the
following effect regulations of the given conditions, wall
temperatures Tw and bulk gas mass fraction Cm,g1 on
the free film condensation from the vapor–gas mixture.

An increase of the bulk gas mass fraction Cm,g1 will
cause a decrease in the condensate liquid film velocity
and thickness, and a decrease of the velocity of the
vapor–gas mixture film. This, in turn, leads to a weakened
condensate process. Similarly, an increase of the bulk gas
mass fraction Cm,g1 will cause a decrease in the concentra-
tion boundary layer thickness. An increase of wall temper-
ature Tw causes a decrease of the condensate film velocity
and thickness. Anyway, an increase of wall temperature
Tw causes an increase in the thicknesses of the velocity
and concentration boundary layers of the vapor–gas mix-
ture film.

4.4. Critical vapor mass fraction

The above calculation results demonstrate that a
decrease in the bulk vapor mass fraction Cm,v1 causes a
decrease in the vapor interfacial saturated temperature,
and causes the decrease of the wall sub-cooled temperature.
If a decreased vapor mass fraction Cm,v1 is less than a
special value C�m;v1 (C�m;v1 is corresponding to ts � tw ? 0),
the wall subcooled temperature will be less than zero, i.e.
ts � tw < 0, and the condensation will never happen theo-
retically. On the contrary, if the bulk vapor mass fraction
Cm,v1 is larger than the special value C�m;v1, the wall sub-
cooled temperature will be larger than zero, i.e. ts � tw > 0,
and then, the condensation will happen theoretically. This
special bulk vapor mass fraction C�m;v1 describes a critical
value of Cm,v1 for the film condensation from the vapor–
gas mixture; it is defined here as the critical bulk vapor
mass fraction. Obviously, when Cm;v1 > C�m;v1, the film
condensation will exist, while, if Cm;v1 < C�m;v1, the film
condensation will never happen.

In this present work, the critical vapor mass fraction
C�m;v1 is obtained for the free film condensation from water
vapor–air mixture, and plotted in Fig. 6 with the relative
temperature t1�tw

t1
. The upper portion of the critical line is

the condensable region where the condensation will exist;
but below the critical line is the non-condensable region
where the condensation will never happen. For the special
vapor, the value of C�m;v1 depends on the wall and bulk
temperatures. Increasing the wall temperature causes the
increase of the critical vapor mass fraction C�m;v1.
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5. Heat transfer

5.1. Heat transfer analysis

The local heat transfer rate qx of the film condensation
at position x per unit area on the plate can be calculated

by applying Fourier’s law as qx ¼ �kl;w
oT l

@yl

� �
yl¼0

. As pre-

sented in Shang [5], Chapter 12, the following equations
on heat transfer for free film condensation from vapor–
gas mixture can be obtained:

qx ¼ �kl;wðT s � T wÞ
1

4
Grxl;s

� �1=4

x�1 dhl

dgl

� �
gl¼0

ð62Þ

ax ¼ �kl;w

1

4
Grxl;s

� �1=4

x�1 dhl

dgl

� �
gl¼0

ð63Þ

Nuxl;w ¼
1

4
Grxl;s

� �1=4
dhl

dgl

� �
gl¼0

ð64Þ

where ax and Nuxl,w are local heat transfer coefficient and
local Nusselt number, defined as qx = ax(Ts � Tw) and

Nuxl;w ¼ axx
kl;w

respectively. Here, dhl

dgl

� �
gl¼0

is the dimensionless

temperature gradient on the plate, to simplify the presenta-
tion, the temperature gradient. The following average val-
ues can be expressed for engineering application:

�ax ¼ �
4

3
kl;w

1

4
Grxl;s

� �1=4

x�1 dhl

dgl

� �
gl¼0

ð65Þ

Nuxl;w ¼ �
4

3

1

4
Grxl;s

� �1=4

x�1 dhl

dgl

� �
gl¼0

ð66Þ

where ax and Nuxl;w are average heat transfer coefficient and
average Nusselt number defined as Qx ¼ �axðT s � T wÞ � b � x
and Nuxl;w ¼ �axx

kl;w
respectively. Here, Qx is total heat transfer

rate.
If we set ðqxÞCm;v1¼1 as local heat transfer rater with

Cm,v1 = 1 corresponding to the film condensation of pure
vapor, then, qx

ðqxÞCm;v1¼1
is the heat transfer ratio of film con-

densation from the vapor–gas mixture to that from pure
vapor, for short, heat transfer ratio. From Eq. (62), the
heat transfer ratio can be expressed as

qx

ðqxÞCm;v1¼1

¼ DT w

ðDT wÞCm;v1¼1

� Grxl;s

ðGrxl;sÞCm;v1¼1

" #1=4 ðdhl

dgl
Þgl¼0

dhl

dgl

� �
gl¼0

� �
Cm;v1¼1

ð67Þ
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Here, DT w

ðDT wÞCm;v1¼1
¼ T s�T w

ðT sÞCm;v1¼1�T w
is the ratio of wall sub-

cooled temperature Ts � Tw with any bulk vapor mass

fraction Cm,v1 to that with Cm,v1 = 1, for short, wall sub-

cooled temperature ratio. Similarly,
Grxl;s

ðGrxl;sÞCm;v1¼1

h i1=4

and
dhl
dgl

� �
gl¼0

dhl
dgl

� �
gl¼0

�
Cm;v1¼1

can be called local Grashof number ratio
and temperature gradient ratio, respectively.

In this work, a system of ratios of DT w

ðDT wÞCm;v1¼1
,

Grxl;s

ðGrxl;sÞCm;v1¼1

h i1=4

and

dhl
dgl

� �
gl¼0

dhl
dgl

� �
gl¼0

� �
Cm;v1¼1

are obtained for the
laminar free film condensation of water vapor in presence
of air, and plotted in (a), (b) and (c) of Fig. 7, respectively,
with variation of Tw and Cm,v1.

5.2. Effect of bulk mass fraction and wall temperature

A series of heat transfer ratios are evaluated by using
Eq. (67) and plotted in (d) of Fig. 7. As illustrated, decreas-
ing the bulk vapor mass fraction Cm,v1 (or increasing the
bulk gas mass fraction Cm,g1) causes the decrease of the
heat transfer ratio to accelerate. Similarly, for a special
bulk vapor mass fraction, an increase of the wall tempera-
ture Tw (or decreasing the wall sub-cooled temperature
Ts � Tw) will cause a decrease in the condensate heat trans-
fer ratio. These effect regulations on heat transfer are iden-
tical to those on the condensate liquid film velocity and
thickness reported in Section 4.3. Meanwhile, it is found
that the wall subcooled temperature ratios DT w

ðDT wÞCm;v1¼1
dom-

inate the heat transfer ratios qx
ðqxÞCm;v1¼1

in value.

5.3. Comparison with the previous results

Let us compare the present results in (d) of Fig. 7 with
those in (a) of Fig. 8 cited from Ref. [6]. This comparison
illustrates that their calculated results are quite different.
The results in (d) of Fig. 7 from the present study shows
that increase of the wall temperature (or decrease of the
wall sub-cooled temperature Ts � Tw) causes the decrease
of condensate heat transfers ratio at an accelerated pace.
However, the results in (a) of Fig. 8 shows the opposite var-
iation. The results in (b) of Fig. 8 presents the calculated
values identically transformed from those in (d) of Fig. 7
to facilitate the comparison. Let us analyze the reasons
behind the differences.
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Eq. (67) showed that for special bulk gas mass fraction,
the condensate heat transfer ratio qx

ðqxÞCm;v1¼1
is proportional
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to the wall subcooled temperature ratio
DT w

ðDT wÞCm;v1¼1
¼ T s�T w

ðT sÞCm;v1¼1�T w
. Moreover, for a special bulk gas

mass fraction,, increasing the wall temperature will cause

a decrease of the wall sub-cooled temperature ratio
T s�T w

ðT sÞCm;v1¼1�T w
faster and faster. This is the reason why the

heat transfer ratio will decrease with an increase in the wall
temperature (or a decrease in the wall sub-cooled tempera-
ture) for the special bulk gas mass fraction. Therefore, the
opposite variation of condensate heat transfer ratio as pre-
sented in (a) of Fig. 8 is incorrect, and it must be caused by
the incorrect determination of the interfacial vapor con-
densate saturation temperature.

There remain two other difficult points which need to be
addressed to enable correct prediction of the condensate
heat transfer from the vapor–gas mixture: reliable analysis
of the concentration-dependent densities of the vapor–gas
mixture film and rigorous satisfaction of all seven interfa-
cial boundary conditions. This present study resolves the
misunderstandings and gaps which currently exist in the
research literature.
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6. Mass transfer

6.1. Mass transfer analysis

As presented in Shang[5], Chapter 12, the local conden-
sate mass flow rate gx entering the liquid film at position x

related to per unit area of the plate is derived for the film
condensation from the vapor–gas mixture. This is
expressed as

gx ¼ ll;sx
�1 1

4
Grxl;s

� �1=4

Us ð68Þ

where Us is the mass flow rate parameter defined as

Us ¼ gldW xl;s � 4W yl;s ð69Þ
Here, gld is dimensionless condensate liquid film thick-

ness, and Wxl,s, and Wyl,s are interfacial dimensionless con-
densate liquid velocity components in x and y directions,
respectively.
The total mass flow rate Gx entering the liquid film for
position x = 0 to x with width b of the plate is derived,
and expressed as

Gx ¼
4

3
b � ll;s

1

4
Grxl;s

� �1=4

Us ð70Þ
If we take ðgxÞCm;v1¼1 as the condensate mass transfer
rate for Cm,v1 = 1 actually corresponding to the film con-
densation of pure vapor, then, gx

ðgxÞCm;v1¼1
is defined as ratio

of condensate mass transfer rate from vapor–gas mixture
to that from pure vapor. This is referred to as the mass
transfer ratio, for short. From Eq. (68), the mass transfer
ratio can be expressed as

gx

ðgxÞCm;v1¼1

¼
ll;s

ðll;sÞCm;v1¼1

Grxl;s

ðGrxl;sÞCm;v1¼1

" #1=4
Us

ðUsÞCm;v1¼1

ð71Þ
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where the local Grashof number ratio
Grxl;s

ðGrxl;sÞCm;v1¼1

h i1=4

is de-

fined in Section 5. Here,
ll;s

ðll;sÞCm;v1¼1
and Us

ðUsÞCm;v1¼1
are named

absolute viscosity ratio and mass flow rate parameter ratio,
respectively.
6.2. Effect of bulk mass fraction and wall temperature

The evaluated absolute viscosity ratios and mass flow
rate parameter ratios are obtained for the free film conden-
sation from the water vapor–air mixture, and plotted in (a)
and (b) of Fig. 9 respectively, with the variation of Tw and
Cm,v1.

On this basis, the condensate mass flow rate ratios are
determined according to Eq. (71), and plotted in (c) of
Fig. 9 with the variation of Tw and Cm,v1. It can be seen
that decreasing the bulk vapor mass fraction Cm,v1 causes
a decrease in the condensate mass flow rate ratio. Mean-
while, an increase of the wall temperature will cause a
decrease of the condensate mass flow rate ratio. From (d)
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of Fig. 7 and (c) of Fig. 9, it is clear that the condensate
heat transfer ratios are well identical with the condensate
mass transfer ratios. This means that the condensate heat
and mass transfers are equivalent in value. However, the
heat transfer rate is defined on the plate, and the conden-
sate mass flow rate is defined at the liquid–vapor interface.
Such difference in definition causes the very little bit differ-
ence between their values. Furthermore, it is found that the
mass flow rate parameter ratios Us

ðUsÞCm;v1¼1
dominate the

mass transfer ratios gx
ðgxÞCm;v1¼1

in value.
7. Variances in condensations with Cm,v‘ ? 1 vs Cm,v‘ = 1

If ðf ÞCm;v1
is used as the function of Cm,v1 to express the

calculated result of the film condensation, then, ðf ÞCm;v1!1

and ðf ÞCm;v1¼1 show the limit value related to Cm,v1? 1
(i.e.Cm,g1? 0) and the value of the function for Cm,v1 = 1

(i.e. Cm,g1 = 0), respectively. Furthermore,
ðqxÞCm;v1!1

ðqxÞCm;v1¼1
is

used to determine the heat transfer ratio of the free film
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condensation from the vapor–gas mixture for Cm,v1? 1
(i.e. Cm,g1? 0) to that for Cm,v1 = 1 (i.e. Cm,g1 = 0),
and plotted as line 8 in (b) of Fig. 8. Obviously,
ðqxÞCm;v1!1

ðqxÞCm;v1¼1
¼ ðqxÞCm;g1!0

ðqxÞCm;g1¼0

� �
6¼ 1. It means that the condensate

heat transfer is discontinuous at the point Cm,v1 = 0.
Moreover, an increase of the wall temperature will cause
a decrease in the heat and mass transfer ratios.

In fact, the film condensation from the vapor–gas mix-
ture for Cm,v1? 1 (i.e.Cm,g1? 0) is quite different from
that of pure vapor with Cm,v1 = 1 (i.e. Cm,g1 = 0), in the
condensation mechanism. For the former case with
Cm,v1? 1 (i.e. Cm,g1? 0), the film condensation at the
liquid–vapor interface is always accompanied by vapor dif-
fusion. For the latter case with Cm,v1 = 1, the vapor is
directly condensed at the liquid–vapor interface without
any mass diffusion. The different condensation mechanisms
cause quite different heat and mass transfer ratios.
8. Conclusions

From this work, the following can be concluded.

1. This work is a successful investigation to apply the
dimensionless velocity component method to the lami-
nar free film condensation from vapor–gas mixture,
for similarity analysis and transformation of whole sys-
tem of the governing partial differential equations. The
set of dimensionless variables of the transformed
mathematical model greatly facilitates the analysis
and calculation of the velocity, temperature and
concentration fields, and heat and mass transfer of
the film condensation from the vapor–gas mixture. It
will be our successive work to apply the dimensionless
velocity component method for extensive study on the
related forced film condensation from the vapor–gas
mixture.

2. In this work, three difficult points related to analysis and
calculation of heat and mass transfer for the film con-
densation from the vapor–gas mixture have been well
resolved. They include: (i) correct determination of the
interfacial vapor condensate saturated temperature; (ii)
reliable treatment of the concentration-dependent densi-
ties of vapor–gas mixture, and (iii) rigorously satisfying
the whole set of physical matching conditions at the
liquid–vapor interface. Meanwhile, the critical bulk
vapor mass fraction for condensation was proposed,
and evaluated for the film condensation from the water
vapor–air mixture. Furthermore, advanced methods for
treatment of temperature-dependent physical properties
of liquids and gases were applied. On this basis, these
analysis and calculation results are considered to be
reliable.

3. The interfacial water vapor mass fraction Cv,ws is exactly
half of the bulk water vapor mass fraction Cv,w1, and
only depends on Cv,w1 for the laminar free film conden-
sation from the water vapor–air mixture.
4. The non-condensable gas has a decisive effect on the
laminar free film condensation from vapor–gas mixture.
Increasing the bulk gas mass fraction causes the conden-
sate liquid film thickness, the condensate liquid velocity,
and heat and mass transfer to decrease at an accelerated
rate. Due to the different mechanisms with Cm,v1? 1
and Cm,v1 = 1, the heat and mass transfer is discontin-
uous at Cm,v1 = 1 for the film condensation from the
vapor–gas mixture.

5. Wall temperature is also a decisive variable in the con-
densate heat and mass transfer ratio. For a special bulk
gas mass fraction, the increase of the wall temperature
leads to the decrease of the wall sub-cooled temperature
ratio T s�T w

ðT sÞCm;v1¼1�T w
, and, subsequently, leads to the

decrease of the heat and mass transfer ratios of the film
condensation from the vapor–gas mixture. In order to
increase the efficiency of heat and mass transfer, the wall
temperature should be as low as possible.
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